Signals for CPT and Lorentz violation at the Planck scale may arise in hydrogen and antihydrogen spectroscopy. We show that certain 1S-2S and hyperfine transitions can exhibit theoretically detectable effects unsuppressed by any power of the fine-structure constant. [S0031-9007(99) PACS numbers: 11.30. Er, 12.20.Fv, 32.10.Fn, 32.80.Pj Experimental and theoretical studies of the spectrum of hydrogen (H) have historically been connected to several major advances in physics [1] . The recent production and observation of antihydrogen (H) [2, 3] makes it plausible to consider a new class of spectroscopic measurements involving high-precision comparisons of the spectra of H and H [4]. The two-photon 1S-2S transition has received much attention because an eventual measurement of the line center to about 1 mHz, corresponding to a resolution of one part in 10 18 , appears feasible [5] . It has already been measured to 3.4 parts in 10 14 in a cold atomic beam of H [6] and to about 1 part in 10 12 in trapped H [7] . Proposed H spectroscopic investigations involve both beam and trapped-atom techniques [8, 9] .
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We consider here the use of spectroscopy of free or magnetically trapped H and H to search for CPT and Lorentz violation. The discrete symmetry CPT is an invariance of all local Lorentz-invariant quantum field theories of point particles [10] , including the standard model and quantum electrodynamics (QED). However, the situation is less clear for a more fundamental theory combining the standard model with gravity, such as string theory, where spontaneous breaking of these symmetries may occur [11] . Low-energy manifestations would be suppressed by a power of the ratio of the low-energy scale to the Planck scale, so only a few exceptionally sensitive experiments are likely to detect them.
In this paper, we show that effects of this type from the Planck scale can appear in H and H spectra at zeroth order in the fine-structure constant. Moreover, these effects are theoretically detectable not only in 1S-2S lines but also in hyperfine transitions.
Our analysis is performed in the context of a standardmodel and QED extension [12] incorporating the idea of spontaneous CPT and Lorentz breaking at a more fundamental level. This quantum field theory appears at present to be the only existing candidate for a consistent extension of the standard model based on a microscopic theory of CPT and Lorentz violation. Desirable features such as energy-momentum conservation, gauge invariance, renormalizability, and microcausality are expected [12] . The theory has been applied to photon properties [12] , neutralmeson experiments [11, [13] [14] [15] , Penning-trap tests [16] , and baryogenesis [17] .
We begin with a study of the spectra of free H and H. [18] . To examine the spectra of free H and H, it suffices to perform a perturbative calculation in the context of relativistic quantum mechanics. In this approach, the unperturbed Hamiltonians and their eigenfunctions are the same for H and H. Moreover, all perturbative effects from conventional quantum electrodynamics are also identical for both systems. However, the CPT -and Lorentz-breaking couplings for the electron and positron can provide different Hermitian perturbations to the Hamiltonians describing H and H. The explicit forms of these perturbations are found from Eq. (1) by a standard procedure involving charge conjugation (for H) and field redefinitions [16] . Similarly, CPT -and Lorentz-breaking couplings for the proton and antiproton generate additional energy perturbations. These can be obtained to leading order using relativistic two-fermion techniques [19] .
Let J For H, we find that the 1S and 2S levels acquire identical leading-order energy shifts. They are [20] 
where m p is the proton mass. For H, the 1S and 2S levels also acquire identical leading-order energy shifts DE H , which are given by the expression (2) 
The hyperfine interaction couples the electron and proton or positron and antiproton spins. Denoting the total angular momentum by F, the appropriate basis states become linear combinations jF, m F ͘ of the jm J , m I ͘ states. The selection rules for the two-photon 1S-2S transition are DF 0 and Dm F 0 [21] . There are thus four allowed 1S-2S transitions for both H and H, occurring between states with the same spin configuration. However, according to Eq. (2), the 1S and 2S states with the same spin configuration have identical leading-order energy shifts, so no leading-order effects appear in the frequencies of any of these transitions. Thus, there is no leading-order 1S-2S spectroscopic signal for Lorentz or CPT violation in either free H or free H [22] .
The dominant subleading energy-level shifts involving the CPT -and Lorentz-breaking couplings in free H and H arise as relativistic corrections of order a 2 . These differ for some of the 1S and 2S levels and therefore could, in principle, lead to observable effects. For example, the term proportional to b . Similarly, the proton-antiproton corrections are also suppressed by factors at least of order a 2 Ӎ 5 3 10 25 . The suppression factors reduce the signals in both free H and free H to levels that could, in principle, be excluded by results from feasible g 2 2 experiments. In fact, the estimated attainable bound [16] on b e 3 from electron-positron g 2 2 experiments performed with existing technology would suffice to place a bound of dn H 1S-2S & 5 mHz on observable shifts of the 1S-2S frequency in free H from the electron-positron sector. This is below the resolution of the 1S-2S line center. Although no Penning-trap g 2 2 experiments on protons and antiprotons have yet been performed, bounds attainable in such experiments would also yield tighter constraints on the proton-antiproton parameters than would be obtained in 1S-2S measurements.
At first sight, it may seem surprising that bounds from g 2 2 experiments can constrain observable effects in comparisons of 1S-2S transitions in free H and H. The conventional figure of merit for CPT breaking in g 2 2 experiments involving the difference of the electron and positron g factors is r g jg e 2 
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[23], which is 6 orders of magnitude weaker than the idealized resolution of the 1S-2S line, Dn 1S-2S ͞n 1S-2S Ӎ 10 218 . However, the use of r g in Penning-trap g 2 2 experiments can be inappropriate in the present theoretical context [16] . The relevant physical issues are the absolute frequency resolution and the sensitivity to CPT -and Lorentz-violating effects. The absolute frequency resolution in g 2 2 measurements is approximately 1 Hz, which is about 3 orders of magnitude poorer than the idealized 1S-2S line-center resolution. In contrast, the g 2 2 experiments involve spin-flip transitions that induce direct sensitivity to b e 3 , whereas the 1S-2S transitions in free H or H are sensitive only to the suppressed combination a 2 b e 3 ͞8p. The resulting bound on b e 3 from 1S-2S comparisons is thus about 2 orders of magnitude weaker than that from electron-positron g 2 2 experiments. The above discussion suggests that experiments with H and H might obtain tighter bounds by studying transitions between states with different spin configurations. Accomplishing this requires the presence of external fields.
We next consider spectroscopy of H or H confined within a magnetic trap with an axial bias magnetic field, such as an Ioffe-Pritchard trap [24] . This situation is directly relevant to proposed experiments [9] . Denote each of the four 1S and 2S hyperfine Zeeman levels in order of increasing energy in a magnetic field B with the labels ja͘ n , jb͘ n , jc͘ n , jd͘ n , with n 1 or 2, for both H and H. For H, the mixed-spin states are given in terms of the basis states jm J , m I ͘ as jc͘ n sin u n j2 The mixing angles u n depend on the principal quantum number n and obey tan 2u n ഠ ͑51 mT͒͞n 3 B. Prior to excitation, the states that remain confined in the trap are the low-field seekers, jc͘ 1 and jd͘ 1 . However, spinexchange collisions jc͘ 1 1 jc͘ 1 ! jb͘ 1 1 jd͘ 1 lead to a loss of population of the jc͘ 1 states over time, resulting in confinement of primarily jd͘ 1 states.
Transitions between the unmixed-spin states jd͘ 1 and jd͘ 2 are field independent for small values of the magnetic field. It would therefore seem natural to compare the frequency n H d for the 1S-2S transition jd͘ 1 ! jd͘ 2 in H with the frequency n H d for the corresponding transition in H. However, since in H the spin configurations of the jd͘ 1 and jd͘ 2 states are the same, there are again no unsuppressed frequency shifts. The same result holds for H. Thus, to leading order, we find dn
A theoretically interesting alternative would be to consider instead the 1S-2S transition jc͘ 1 ! jc͘ 2 in H and the corresponding transition in H. The idea would be to take advantage of the mixed nature of these states in a nonzero magnetic field. The n dependence in the hyperfine splitting produces a spin-mixing difference between the 1S and 2S levels, giving an unsuppressed frequency shift in 1S-2S transitions between the jc͘ 1 and jc͘ 2 states: 
where k ϵ cos 2u 2 2 cos 2u 1 . The analogous 1S-2S frequency shift dn H c for H in the same magnetic field can also be found. The hyperfine states in H have opposite positron and antiproton spin assignments relative to those of the electron and proton in H, so dn The theoretical gain in sensitivity to CPT and Lorentz violation of the jc͘ 1 ! jc͘ 2 transition relative to that of jd͘ 1 ! jd͘ 2 would be of order 4͞a 2 Ӎ 10 5 . However, since the 1S-2S transition jc͘ 1 ! jc͘ 2 in H and H is field dependent, any experiment would need to overcome Zeeman broadening due to the inhomogeneous trapping fields. For example, at B Ӎ 10 mT the 1S-2S linewidth for the jc͘ 1 ! jc͘ 2 transition is broadened to over 1 MHz for both H and H even at a temperature of 100 mK. Existing techniques might partially mitigate this effect, but the development of other experimental methods would appear necessary to attain resolutions on the order of the natural linewidth.
As an alternative to optical spectroscopy of the 1S-2S line, we consider frequency measurements of transitions in the hyperfine Zeeman effect. Since transitions between F 0 and F 0 1 hyperfine states have been measured with accuracies better than 1 mHz in a hydrogen maser [26] , hyperfine transitions in masers and in trapped H and H are interesting candidates for tests of CPT and Lorentz symmetry.
In the 1S ground state of hydrogen, all four hyperfine levels acquire energy shifts due to CPT -and Lorentzviolating effects. 
